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BRAUER RELATIONS FOR FINITE GROUPS IN THE
RING OF SEMISIMPLIFIED MODULAR
REPRESENTATIONS
MATTHEW SPENCER
Abstract. Let G be a finite group and p be a prime. We study the
kernel of the map, between the Burnside ring of G and the Grothendieck
ring of Fp[G]-modules, taking aG-set to its associated permutation mod-
ule. We are able, for all finite groups, to classify the primitive quotient
of the kernel; that is for each G, the kernel modulo elements coming
from the kernel for proper subquotients of G. We are able to identify
exactly which groups have non-trivial primitive quotient and we give
generators for the primitive quotient in the soluble case.
1. Introduction
In this paper we will describe, for a prime p and a finite groupG, the kernel
of the map mFp,ss(G) from the Burnside ring b(G) to the Grothendieck ring
of Fp[G] modules G0(Fp[G]) (equivalently the ring of Brauer characters),
which takes the isomorphism class of a finite G-set X to the class of Fp[X]
in G0(Fp[G]). The Fp[G]-module Fp[X] has an Fp-basis indexed by elements
of X, G acts by permuting this basis in the obvious way. The class of Fp[X]
in G0(Fp[G]) is equal to that of its semisimplification and is by definition
determined by its composition factors. Note that composition factors do not
in general determine isomorphism class, so two isomorphism classes of G-sets
may have the same image in G0(Fp[G]) even if their associated permutation
modules are not isomorphic.
Definition 1.1. Let G be a finite group. The additive group of the Burnside
ring b(G) is the free abelian group on isomorphism classes of finite G sets
modulo the relations [X]+[Y ]−[X
∐
Y ], where [X] denotes the isomorphism
class of X. Furthermore, b(G) is equipped with a ring structure defined by
[X] · [Y ] = [X × Y ].
Remark 1.2. The Burnside ring is isomorphic to the free abelian group on
isomorphism classes of transitive G sets. Moreover, by the orbit-stabiliser
theorem each transitive G-set is isomorphic to G/H, where H 6 G is a
stabiliser of an element of the G-set, and is determined uniquely up to G-
conjugacy. Thus we may identify b(G), as an abelian group, with the free
abelian group on conjugacy classes of subgroups of G.
Definition 1.3. Let G be a finite group and R be a commutative ring,
the Grothendieck Group of R[G] modules G0(R[G]) is defined to be the free
abelian group on isomorphism classes of R[G]-modules modulo the relations
[A]− [C] + [B] for every short exact sequence of R[G]-modules:
0→ A→ C → B → 0.
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Furthermore, there is a ring structure with multiplication given by [A]·[B] =
[A⊗R B].
Consider the map:
mFp,ss(G) : b(G)→ G0(Fp[G])
[H] 7→ [IndG/H(1)],
where IndG/H(−) denotes the induction map from H to G and 1 denotes
the trivial Fp[H]-module. Elements of the kernel KFp,ss(G) will be called
Brauer Relations for G over Fp semisimplified or relations over Fp, ss for
short.
Following [1] and [2] a relation for G is said to be imprimitive if it is a linear
combination of relations which are “inflated” from proper quotients of G or
“induced” from proper subgroups. We will then describe, for a finite group
G and prime p, the structure of the kernel modulo imprimitive relations as
an abelian group and describe explicit generators in the case G is soluble.
More precisely our main aim is the following theorem:
Theorem 1.4. Let p be a prime, and G be a finite group of order divisi-
ble by p, all elements of ker(mFp,ss(G)) are linear combinations of relations
“induced” or “inflated” from ker(mFp,ss(H)) from subquotients H of the fol-
lowing forms:
(1) a cyclic group Cp of order p,
(2) non-cyclic q-quasi-elementary groups with order coprime to p,
(3) (Cl ⋊ Cqr) × (Cl ⋊ Cqs) for primes q, l with l 6= p and the action
faithful,
(4) an extension 1 → Sd → E → H → 1 with S simple, d a positive
integer, H = C⋊Q a quasi-elementary group whose cyclic part C is
of order coprime to p, and Sd is a unique minimal normal subgroup
of E.
In cases (1),(3) and the soluble case of (4) the construction of generating
elements of ker(mFp,ss(H)) is given explicitly.
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2. Primordial and coprimordial groups for Im(mFp,ss)
We will now introduce Mackey and Green functors with inflation. The
following definitions can also be found in [2, Section 2] following Webb [10,
Section 1]. We will assume that R is a domain.
Definition 2.1. A global Mackey functor with inflation (MFI) over R is a
collection F of the following data.
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• For every finite group G, F(G) is an R-module;
• for every injection α : H →֒ G of finite groups, F∗(α) : F(H) →
F(G) is a covariant R-module homomorphism (which we think of as
induction);
• for every homomorphism ǫ : H → G of finite groups, F∗(ǫ) : F(G)→
F(H) is a contravariant R-module homomorphism (which we think
of as restriction when ǫ is a injection, and as inflation when ǫ is an
surjection);
satisfying the following conditions.
(MFI 1) Transitivity of induction: for all group injections U
β
→֒ H
α
→֒ G, we
have F∗(αβ) = F∗(α)F∗(β).
(MFI 2) Transitivity of restriction/inflation: for all group homomorphisms
U
β
→ H
α
→ G, we have F∗(αβ) = F∗(β)F∗(α).
(MFI 3) For all inner automorphisms α : G→ G, we have F∗(α) = F∗(α) = 1.
(MFI 4) For all automorphisms α, we have F∗(α) = F
∗(α−1).
(MFI 5) The Mackey condition: for all pairs of injections α : H →֒ G and
β : K →֒ G,
F∗(β)F∗(α) =
∑
g∈α(H)\G/β(K)
F∗(φg)F
∗(ψg),
where φg is the composition
φg : β(K)
g ∩ α(H)
cg
→ β(K) ∩ gα(H) →֒ β(K)
β−1
→ K,
cg denoting conjugation by g, and ψg is the composition
ψg : α(H) ∩ β(K)
g →֒ α(H)
α−1
→ H.
(MFI 6) Commutativity of induction and inflation: whenever there is a com-
mutative diagram
H
ǫ

α
// G
δ

H¯
β
// G¯,
where ǫ, δ are surjections, and α, β are injections, we have F∗(δ)F∗(β) =
F∗(α)F
∗(ǫ).
We will henceforth write ResG/H(−) and InfG/N (−) for F
∗(α)(−) when
α is an injection or surjection respectively. We will write IndG/H(−) for
F∗(β)(−). If a Mackey functor takes Groups to R-algebras, inflation and
restriction are R-algebra homomorphisms, and if it satisfies a form of Frobe-
nius reciprocity, then we call it a Green functor which we will now define
precisely.
Definition 2.2. A Green functor with inflation (GFI) over R is an MFI F
over R, satisfying the following additional conditions.
(GFI 1) For every finite group G, F(G) is an R-algebra.
(GFI 2) For every homomorphism α : H → G of finite groups, F∗(α) is a
homomorphism of R-algebras.
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(GFI 3) Frobenius reciprocity: for every injection α : H →֒ G and for all
x ∈ F(H), y ∈ F(G), we have
IndG/H(x) · y = IndG/H(x · ResG/H(y)),
y · IndG/H(x) = IndG/H(ResG/H(y) · x).
Definition 2.3. A morphism from an MFI (respectively GFI) F to an
MFI (respectively GFI) G is a collection r(−) of R-module (respectively
R-algebra) homomorphisms r(G) : F(G) → G(G) for each finite group G,
commuting in the obvious way with F∗,F
∗,G∗, and G
∗.
Notation 2.4. Let F be an MFI, and let X be a class of groups closed
under isomorphisms. For every finite group G, we define the following R-
submodules of F(G):
IF ,X (G) =
∑
H≤G, H∈X
IndG/H F(H),
IF (G) =
∑
HG
IndG/H F(H),
KF ,X (G) =
⋂
H≤G, H∈X
ker(ResG/H F(G)),
KF (G) =
⋂
HG
ker(ResG/H F(G)).
Following The´venaz [9] and Boltje [4] we make the following definition.
Definition 2.5. Let F be an MFI and let G be a finite group.
We say that G is primordial for F if either G is trivial, or F(G) 6= IF(G).
We denote the class of all primordial groups for F by P(F).
We say that G is coprimordial for F if either G is trivial, or KF (G) 6= 0.
We denote the class of all coprimordial groups for F by C(F).
The functors taking a finite group G to b(G) and to G0(Fp[G]) for any
prime p are both GFIs over Z, furthermore the map mFp,ss defined by:
mFp,ss(G) : b(G) −→ G0(Fp[G])
[H] 7−→ IndG/H(1)
is a morphism of GFIs over Z. By [2, Lemma 2.8] the kernel of this map
KFp,ss(−) is an ideal of b(−). As in the introduction, we will refer to elements
of KFp,ss(G) as Brauer relations for G over Fp semisimplified, or over Fp, ss
as a shorthand. We exploit the machinery of [2] to classify elements of the
kernel. Note that this map of Green functors satisfy the assumptions of [2]
made in Notation 4.3 with D(G) = 1 and in Assumption 4.8 are satisfied so
the results of [2] hold in this case.
Notation 2.6. Let G be a finite group.
Let
Imprim(G) = {
∑
H<G
IndG/H(KFp,ss(H)) +
∑
16=N⊳G
InfG/N (KFp,ss(G/N))},
and let
PrimKFp,ss(G) = KFp,ss(G)/ Imprim(G).
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The following theorem, well known in the literature (see for instance [3]),
is the prototypical example of an induction theorem. This will be the main
tool we require to describe K(−).
Theorem 2.7. [Artin’s Induction Theorem] Let G be a finite group, p be a
prime, and G0(Fp[G]) be the Grothendieck ring on Fp[G]-modules then:
G0(Fp[G])⊗Q =
∑
C∈S
IndG/C(G0(Fp[C])⊗Q)
where S is a set of conjugacy class representatives of cyclic subgroups of
order coprime to p. Furthermore, we have;
1G0(Fp[G]) =
∑
C∈S
ac IndG/C(1G0(Fp[C]))
where ac ∈ Q.
We will make use of the following straightforward result, which follows
from the work of Yoshida [11].
Proposition 2.8. Let F be a GFI over a Euclidean domain R, and assume
that F(G) is R-torsion free for all finite groups G. Let Q denote the field of
fractions of R. Then:
(1) if Q has characteristic 0, then P(F ⊗Q) = C(F ⊗Q);
(2) for any prime ideal p of R, we have C(F) = C(F ⊗ Rp), and in
particular C(F) = C(F ⊗Q);
(3) we have P(F) ⊆ ∪pP(F ⊗Rp);
(4) if Q has characteristic 0, then for any prime ideal p of R, we have
P(F ⊗Rp) ⊆ {H : O
p(H) ∈ C(F)}, where (p) = p ∩ Z.
Proof.
(1) IfQ has characteristic 0, then by [7, Theorem 7.1] (see also Theorems
2 and 4 of [8]), we have a decomposition of Q-modules F(G)⊗Q =
KF⊗Q(G)⊕ IF⊗Q(G). The result follows.
(2) Since F(G) is R-torsion free for all finite groups G, F(G) natu-
rally injects into F(G) ⊗ Rp and generates F(G) ⊗ Rp over Rp and
similarly over Q. Moreover, this inclusion is functorial with re-
spect to restriction. It follows that we have a natural isomorphism
KF⊗Rp(G) = KF (G) ⊗ Rp, and in particular one of these kernels is
non-trivial if and only if both are, as claimed.
(3) Suppose that G /∈ ∪pP(F ⊗ Rp) then in particular 1F⊗Rp(G) ∈
IF⊗Rp(G) for all p. Since R is Euclidean it follows that 1F(G) ∈
IF(G) and as IF (G) is an ideal in F(G) they coincide so G /∈ P(F).
(4) Let G be a finite group, and let p ∈ Z be such that p | p. Let
Hp(C(F)) = {H : O
p(H) ∈ C(F)}. Let (#G)p′ denote the maximal
divisor of #G which is coprime to p. Since (#G)p′ is invertible in
Rp, [11, Theorem 4.1] applied with X = {H ≤ G : H ∈ C(F)}
implies that F(G) ⊗ Rp = IF⊗Rp,Hp(C(F))(G) + KF⊗Rp,C(F)(G). By
part (2) of the present lemma, we have C(F) = C(F ⊗ Rp). It then
follows that KFp,C(F)(G) = KFp,C(Fp)(G) = 0 by definition 2.5, and
therefore that Fp(G) = IFp,Hp(C(F))(G). So P(F ⊗Rp) ⊆ Hp(C(F)),
as claimed.
6 BRAUER RELATIONS IN POSITIVE CHARACTERISTIC SEMISIMPLIFIED.

Lemma 2.9. The coprimordial groups for Im(mFp,ss) ⊆ G0(Fp[−]) are pre-
cisely the cyclic groups of order coprime to p.
Proof. Theorem 2.7 combined with Proposition 2.8 show that C(G0(Fp[−])) =
P(G0(Fp[−])⊗Q) is contained in the class of cyclic groups of order coprime
to p. It remains to show the reverse inclusion. Let Cm be a cyclic group of
order coprime to p, we will exhibit an element in Im(mFp,ss) which is in the
kernel of every proper restriction map. Let µ denote the Mo¨bius function.
One may check that the element m(Fp,ss)(
∑
n|m µ(n)n[Cn]), is a non-zero el-
ement of Im(m(Fp,ss))(Cm) which restricts to zero on every proper subgroup.
It follows that Cm is coprimordial. 
Corollary 2.10. For cyclic groups C of order coprime to p the map mFp,ss(C)
is injective.
Remark 2.11. Alternatively, one may show that the previous Corollary and
preceding lemma follow immediately from Theorem 2.7 and the observation
that the rank of Im(mFp,ss) is precisely the number of conjugacy classes of
subgroups which are cyclic of order coprime to p.
Remark 2.12. Corollary 2.10 combined with the analogous statement for
mQ (see [1], [3]) shows that ker(mQ)(G) ⊂ ker(mFp,ss)(G) for all G with
equality if p ∤ |G|. Extensive use will be made of this fact. Elements of
ker(mQ) will be called Brauer relations over Q.
Example 2.13. The inclusion in Remark 2.12 is in general strict. Over
fields of characteristic 0 cyclic groups admit no Brauer relations, but the
kernel of mFp,ss need not be trivial. For example, there is a relation 2[C2]−
[e] ∈ KF2,ss(C2) for C2 over G0(F2[C2]). Indeed, the regular representation
of C2 is indecomposable as an F2[C2]-module, and has as its composition
factors two copies of the trivial representation.
Lemma 2.14. Let p be a prime, and let Cp be the cyclic group of order p
then KFp,ss(Cp) is generated by the relation p[Cp]− [{e}].
Proof. It is easy to verify that the claimed element of b(Cp) is in KFp,ss(Cp).
Furthermore, since Im(mFp,ss) ⊇ 〈1〉Z, the kernel has rank 1. Clearly no
integral relation divides p[Cp]− [{e}] this completes the proof. 
Having identified the coprimordial groups for Im(mFp,ss), Proposition 2.8
states that the primordial groups for Im(mFp,ss) are a subclass of q-quasi-
elementary groups with cyclic part of order coprime to p. Note that it is
possible to have p = q.
Lemma 2.15. The primordial groups for Im(mFp,ss), are precisely the groups
H such that for some prime q, the minimal normal subgroup Oq(H) of H
whose associated quotient is a q-group, is cyclic of order prime to p.
Proof. As previously stated it is a consequence of Lemma 2.9 and Propo-
sition 2.8 that every primordial group is of this form. In the case p ∤ #H
the observation in Remark 2.12 shows that H is primordial for Im(mFp,ss)
if and only if it is for Im(mQ). Theorem 3.6 and the main result of [6] show
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that quasi-elementary groups are primordial for Im(mQ).
The remaining case to consider it when H is p-quasi-elementary. If H were
not primordial for Im(mFp,ss), then in particular 1G0(Fp[H]) = 1Im(mFp,ss)(H) ∈
IIm(mFp,ss)(H). It follows that for non-primordial groups there is a non-zero
element [H] +
∑
K<H [K] in KFp,ss(H). Consider the following two cases,
the first where H is not a p-group and the second case where H is a p group.
(1) If H has a non-trivial coprime to p cyclic subgroup C then restric-
tion of any element of KFp,ss(H) to this subgroup must vanish by
Corollary 2.10. Since p | [H : C] it follows from direct calculation
that any relation must have coefficient of 1G0(Fp[H]) divisible by p.
Since a finite group is primordial for a Green functor F if and only
if 1F is not in the image of proper inductions it follows that in this
case H must be primordial.
(2) Otherwise H is a p-group and upon restriction to a central cyclic
subgroup of order p any relation must be of the form a(p[Cp]− [e])
by Lemma 2.14. Direct calculation shows that for any K such that
Cp < K < H the restriction of [K] to b(Cp) is [K : Cp][Cp]. By an
identical argument to the previous case, it follows the coefficient of
1G0(Fp[H]) is divisible by p. This completes the proof.

Thus, the primordial groups for Im(mFp,ss) are the set of quasi-elementary
groups, for which the cyclic part C is coprime to p.
This may be phrased as an induction theorem.
Corollary 2.16. Let G be a finite group and let p be a prime. Let T be the
set of conjugacy classes of primordial subgroups of G for Im(mFp,ss), that is
subgroups which are quasi-elementary with cyclic part coprime to p. Then:
1G0(Fp[G]) =
∑
H∈T
aH IndG/H(1G0(Fp[H]))
where aH are integers.
3. Classification of PrimKFp,ss(G) for Soluble G
In this section we give a necessary condition on a finite group G for
PrimKFp,ss(G) to be non-trivial, and explicitly write down all such groups in
the soluble case. The main results are summarised in the following theorem:
Theorem 3.1. Let p be a prime, and G be a finite group of order divisible
by p. All Brauer relations for G0(Fp[G]) are linear combinations of relations
induced and inflated from subquotients of the following forms:
(1) a cyclic group Cp of order p,
(2) non-cyclic q-quasi-elementary groups with order coprime to p,
(3) (Cl ⋊ Cqr) × (Cl ⋊ Cqs) for primes q, l with l 6= p and the action
faithful,
(4) an extension 1 → Sd → E → H → 1 with S simple, d a positive
integer, H = C⋊Q a quasi-elementary group whose cyclic part C is
of order coprime to p, and Sd is a unique minimal normal subgroup
of E.
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The first step is to give a description of PrimKFp,ss(G) based on the proper
quotients of G for any non-primordial group G.
Lemma 3.2. Let G be a finite group which admits primitive relations over
Fp, ss then G is an extension of the following form:
1→ Sd → G→ H → 1(3.3)
where S is a finite simple group, d > 1, H is quasi-elementary with cyclic
part coprime to p. Furthermore, if G is not primordial for Im(mFp,ss) then
PrimKFp,ss(G) is as follows:
(1) if all quotients of G are cyclic of order coprime to p, then PrimKFp,ss(G)
is isomorphic to Z,
(2) if all quotients of G are q-quasi-elementary with cyclic part coprime
to p and at least one of them is not cyclic of order coprime to p,
then PrimKFp,ss(G) = Z/qZ,
(3) otherwise it is trivial.
Furthermore, in all cases Prim(G) is generated by any Brauer relation of
the form [G] +
∑
H<G nH [H].
Proof. The primordial groups for Im(mFp,ss) are identified in Lemma 2.15,
while Corollary 2.16 shows that there exists a Brauer relation of the form
[G] +
∑
H<G nH [H] for non-primordial G. It then follows from [2, Theorem
4.7] that G is an extension of the claimed form, and that, for such extensions
which are non-primordial, any relation [G] +
∑
H<G nH [H] must generate
PrimKFp,ss(G).
If all proper quotients are cyclic of order coprime to p then they are cop-
rimordial for Im(mFp,ss) and so primordial for Im(mFp,ss)Q by Proposition
2.8. [2, Corollary 4.10] then shows that PrimKFp,ss(G) = Z in this case.
It remains to consider the case where there exists a quotient which is q-
quasi-elementary with cyclic part prime to p but not cyclic of order prime
to p. First note that for non-cyclic q-quasi-elementary groups [6, Theorem
1] shows that there exists a relation over Q of the form qG+
∑
HG aH [H]
with the aH in Z and hence by Remark 2.12 over G0(Fp[−]). It follows
from Lemma 2.15 that the coefficient of G in any relation is not 1. Further-
more, inflating the relation in Lemma 2.14, shows that there is a relation
p[Cpr ] − [Cpr−1 ] for any Cpr . Corollaries 4.11 and 4.12 of [2, Theorem 4.9]
then give the claimed result. 
We now classify which groups G of the form (3.3) have PrimKFp,ss(G)
non-trivial.
Corollary 3.4. Let G be a finite insoluble group which admits a primitive
relation over Fp, ss. Then G is of the form described in Lemma 3.2 with S
non-cyclic, H injects into Out(Sd) and no proper non-trivial subgroup of Sd
is normal in G. Furthermore, every such group admits a primitive relation.
Proof. The corollary follows immediately from Lemma 3.2 upon noting that
for such an extension G every quotient is quasi-elementary with cyclic part
coprime to p if and only if the action of G on Sd is faithful and no proper
non-trivial subgroup of Sd is normal in G. Since the centre of Sd is trivial
the action of G is faithful if and only if G/(Sd) = H →֒ Out(Sd). 
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Since the inclusion in Remark 2.12 is an equality when we restrict to
groups of order coprime to p and since there is a full classification of Brauer
relations in characteristic zero in [1] we now need only consider G whose
order is divisible by p. Furthermore, in light of Corollary 3.4 we restrict to
the soluble case. We will make repeated use of the following result.
Lemma 3.5. Let G be a finite group, and let W an abelian normal subgroup
with quotient H. Suppose that there exists a normal subgroup K of H such
that gcd(#K,#W ) = 1 and such that no non-identity element of W is fixed
under the natural conjugation action of K on W . Then G ∼=W ⋊H.
Proof. We may view W as a module under H. Since K and W have co-
prime orders, the cohomology group H i(K,W ) vanishes for i > 0, so the
Hochschild–Serre spectral sequence [5, Theorem 6.3] gives an exact sequence
H2(H/K,WK)→ H2(H,W )→ H2(K,W ).
The last term in this sequence also vanishes by the coprimality assump-
tion, while the first term vanishes, since WK is assumed to be trivial. So
H2(H,W ) = 0, and so the extension G of H by W splits. 
Theorem 3.6. Suppose that G is a soluble group, of order divisible by p,
and PrimKFp,ss(G) is non-trivial. Then G is of one of the following forms:
(1) a p-group or,
(2) a p-quasi-elementary group or,
(3) (Cl)
d ⋊H with l a prime, H quasi-elementary, with cyclic part co-
prime to p, acting faithfully and irreducibly on (Cl)
d or,
(4) (Cl ⋊ Cpr)× (Cl ⋊ Cps) with faithful action and l a prime.
Proof. The first two parts follow from taking trivial extensions of p-groups
and quasi-elementary groups respectively in Lemma 3.2. Since by assump-
tion p must divide the order of G trivial extensions of cyclic groups of co-
prime to p are not included in the list. Note that for G as in Lemma 3.2 to
be soluble, and not p-quasi-elementary, is equivalent to taking S = Cl. By
Lemma 3.2, G is therefore an extension of the form:
1→W := (Cl)
d → G→ H := C ⋊Q→ 1,
where H is quasi-elementary with cyclic part coprime to p. We wish to
show that under our assumptions G is a split extension or lies in case (1) or
(2) of the theorem. If l ∤ #H then by Schur-Zassenhaus the result follows.
Suppose that that l | #H, we split into the following cases C is trivial, Q is
trivial, and neither C nor Q is trivial.
(i) C is trivial. In this case G is a q-group.
(ii) Q is trivial. Either G is an l group or C admits a subgroup Cl′ of
order coprime to l. Either WCl′ is trivial, in which case Lemma 3.5
with K = Cl′ allows us to conclude G is split or {e} 6= V :=W
Cl′ ⊳ G.
Now G/V must be quasi-elementary and (W/V )Cl′ = {e}. Since this
quotient must be l-quasi-elementary, in factW = V and G is therefore,
l-quasi-elementary with cyclic part coprime to p. We must have l = p
as p | #G by assumption.
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(iii) Both Q and C are non trivial. If C is an l group then let L denote
the l-sylow subgroup of G, clearly L ⊳ G. Let Φ(L) be the Frattini
subgroup of L, if it is trivial then L = Cnl and G = C
n
l ⋊Q and so G
is a split extension as claimed. Otherwise Φ(L) ⊳ G and G/Φ(L) must
be q-quasi-elementary with cyclic part prime to p as PrimKFp,ss(G) is
non-trivial. Thus L/Φ(L) must be cyclic and we see that l 6= p. As
L/Φ(L) is cyclic, L is also cyclic. It follows that in this case that G is
p-quasi-elementary.
If C is not an l-group, then let K = Cl′ as before, if W
K is trivial
then the extension is split by Lemma 3.5, if not then let V =WK , the
quotient G/V must be q-quasi-elementary with cyclic part coprime to
p.
If l = p, this forces q = p and WK =W so G is p-quasi-elementary.
In the remaining case l 6= p, the quotient G/V must be quasi-elementary
with cyclic part prime to p. The image of K in the quotient must act
fixed point freely on W/V that is (W/V )K is trivial. Thus either W/V
is non trivial and G/V is l-quasi-elementary of order coprime to p, and
thus so is G a contradiction, or V =W and G/K, and hence G, must
be p-quasi-elementary.
It remains to consider the split sequence
1→ (Cl)
d → G→ H → 1.
We subdivide into three cases; in the first l = p, and H is p-quasi-
elementary with q 6= p, in the second l 6= p and H is p-quasi-elementary,
and finally l = p and H is p-quasi-elementary. In all cases the cyclic part of
H is coprime in order to p.
(a) In the first case G = (Cp)
d ⋊ (C ⋊ Q) where Q is a q-group and
p ∤ #C. Faithfulness: Suppose C ⋊ Q acts with kernel K 6= {e}.
Then the quotient G/K must be q-quasi-elementary with cyclic part
prime to p, but p 6= q so the image of W = (Cp)
d must lay in the cyclic
part of the quotient, a contradiction. Irreducibility: Suppose that the
action were reducible so there exists V = (Cp)
d1 ⊳ G with d1 < d. The
corresponding quotient must be q-quasi-elementary of order coprime to p
a contradiction. We conclude that the action is faithful and irreducible.
(b) In the second case G = (Cl)
d⋊(C⋊P ) where l 6= p and P is a p-group.
Faithfulness: Suppose that C ⋊ P acts with kernel K 6= {e} then the
quotient G/K must be p-quasi-elementary. In particular, this forces d =
1 and since the image of C and W must both be in the cyclic part of the
quotient we have K > C so G was p-quasi-elementary. Irreducibility:
Assuming that the action is faithful, either it is irreducible in which
case we find ourselves in case 3 of the theorem or it is reducible. If
the action on W := Cdl were reducible, then there exists V < W a
normal subgroup of G, the quotient group G/V must then be p-quasi-
elementary. By assumption l 6= p so the l-Sylow of G/V must be cyclic,
if G = (Cl)
d ⋊ (C ⋊ P ) with l | #C then this would be impossible. We
conclude that if the action is reducible then G = ((Cl)× V ) ⋊ (C ⋊ P )
with l ∤ #(C ⋊ P ) with semisimple action, quotienting by Cl shows via
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an identical argument that V ∼= Cl and so we are in part (4) of the
theorem.
(c) Finally G = (Cp)
d ⋊ (C ⋊ P ). Faithfulness: We claim either this
group is p-quasi-elementary or the action is faithful. If the action had
a kernel K the quotient by the kernel must be p-quasi-elementary, and
so C 6 K and G was already p-quasi-elementary. Irreducibility: If
the action is faithful then we claim that it must be irreducible. As-
sume otherwise, then there exists V = (Cp)
d1 ⊳ G such that G/V is
p-quasi-elementary. This forces C to act trivially on (Cp)
d/V and so
((Cp)
d)C 6= 0 as C has order coprime to p and thus the action is semisim-
ple. By assumption G/((Cp)
d)C is p-quasi-elementary, now we may as-
sume that the complement of ((Cp)
d)C in (Cp)
d is non-trivial (else C is
normal and G quasi-elementary) and thus the quotient is not p-quasi-
elementary. Thus either the action is faithful and irreducible or G is
quasi-elementary.

Theorem 3.7. Let G be a p-quasi-elementary group which is not cyclic of
order p, then PrimKFp,ss(G) is trivial.
Proof. The rank of the space of relations of G is the number of conjugacy
classes of subgroups of G which are not cyclic of order coprime to p. We
will construct a sublattice of imprimitive relations which has full rank, then
proceed to show it is saturated.
Let G = Cm ⋊ P with P a fixed Sylow p-subgroup of G and p ∤ m. Sub-
groups of G which are not cyclic of order coprime to p are determined up to
conjugacy by their intersection with Cm, which is characteristic and hence
normal in G, and their intersection with P which is non-trivial by assump-
tion. We fix a labelling on the subgroup lattice of P up to G-conjugacy let
Pi,j be the jth subgroup of size p
i. Subgroups which are not cyclic of order
coprime to p are then characterised up to conjugacy as Cs⋊Pi,j where s | m
and i 6= 0. Each such subgroup admits an imprimitive relation inflated from
any quotient Cp namely p[Cs⋊Pi,j]− [Cs⋊Pi−1,k] where Pi,j > Pi−1,k. Note
that as every maximal subgroup of a p-group has index p we may use these
relations to create the relation [Cs ⋊ Pi,j]− [Cs ⋊ Pi,k] for any Pi,k.
The sublattice: We now exhibit a full rank sublattice of imprimitive re-
lations. We form the span of p[Cs ⋊ Pi,0] − [Cs ⋊ Pi−1,0] as we range over
s | m and i > 1 along with relations [Cs ⋊ Pi,0] − [Cs ⋊ Pi,j] for s | m, and
i, j > 0. Clearly this set is linearly independent and of the correct size, so
we have a full rank sublattice;
L = 〈p[Cs ⋊ Pi,0]− [Cs ⋊ Pi−1,0], [Cs ⋊ Pi,0]− [Cs ⋊ Pi,j ]|i ∈ I, j ∈ J〉Z.
Saturation: The sublattice L is in fact, saturated, suppose that there ex-
ists a relation θ such that nθ =
∑
s|m(
∑
i>0 as,i(p[Cs⋊Pi,0]− [Cs⋊Pi−1,0])+∑
j>0 bs,i,j([Cs ⋊ Pi,0] − [Cs ⋊ Pi,j])) for a relation θ we seek to show that
n | as,i, bs,i,j for all s, i, j in the indexing sets. Since the coefficient of
[Cs ⋊ Pi,j] on the right hand side is bs,i,j we may conclude that n | bs,i,j
, subtracting all terms in the second sum from both sides we then have
nθ′ =
∑
s|m
∑
i>0 as,i(p[Cs ⋊ Pi,0] − [Cs ⋊ Pi−1,0]), where the coefficient of
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[Cs⋊P0,0] on the right hand side is −as,1 so that n | as,1. Now the coefficient
of [Cs⋊Pi,0] is pas,i−as,i+1 and so if n | as,i then n | as,i+1 and by induction
n | as,i for all s, i in the indexing set.
Thus we have a full rank saturated sublattice of imprimitive relations, it
follows that every relation is imprimitive. 
Theorems 3.6 and 3.7 allow us to conclude the following.
Theorem 3.8. Let G be a finite soluble group, p a prime, PrimKFp,ss(G) is
non-trivial if and only if:
(1) G ∼= Cp, then PrimKFp,ss(G)
∼= Z or,
(2) G ∼= (Cl)
d ⋊H with H q-quasi-elementary with cyclic part coprime
to p acting faithfully and irreducibly on (Cl)
d, then PrimKFp,ss(G)
∼=
Z/qZ or Z if H is cyclic of order coprime to p or,
(3) for l 6= p a prime G = (Cl⋊Cqr)×(Cl⋊Cqs), PrimKFp,ss(G)
∼= Z/qZ
or,
(4) G is quasi-elementary of order coprime to p with PrimKFp,ss(G) as
over Q.
Combining this with Corollary 3.4 gives Theorem 3.1.
4. Some Explicit Relations
We now establish generators of PrimKFp,ss(G) for the soluble groups of
order divisible by p admitting primitive relations. Since the inclusion in
Remark 2.12 becomes an equality when p ∤ #G, this combined with the
classification in [1, Theorem A] completely determines all Brauer relations
for soluble groups over G0(Fp[G]).
Lemma 4.1. The group PrimKFp,ss(Cp) is generated by p[Cp] − [{e}]. The
group PrimKFp,ss((Cl)
d ⋊ H) with H quasi-elementary acting faithfully is
generated by the same relation as over Q for d > 1.
Proof. The first claim is identical to Lemma 2.14. For the second, note
that the Brauer relation over Q for d > 2 given in [1, Proposition 6.4] has
coefficient of [G] equal to 1 and, as its still a relation in this setting (see
Remark 2.12), it must generate PrimKFp,ss(G) by Lemma 3.2, this gives the
second statement. 
Note that a quasi-elementary group acting faithfully on a cyclic group
of prime order must be cyclic so the only remaining case (corresponding to
d = 1) is the case of a coprime to p cyclic group acting faithfully on a cyclic
group of order p.
Lemma 4.2. Let G = Cp ⋊Cmqr with faithful action then PrimKFp,ss(G) is
generated by the same relation as presented in [1, Proposition 6.5] over Q
unless m = 1 in which case it is generated by the following relation −[Cqr ]+
(p− 1)/qr[Cp] + [Cp ⋊C
r
q ].
Proof. We explicitly construct such a relation and since the coefficient of [G]
is 1 it must generate PrimKFp,ss(G). In the case m is non-trivial we simply
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apply Remark 2.12 and use the Brauer relation over Q in [1, Proposition
6.5]. Otherwise G = Cp ⋊Cqr , and we have the following relation:
p[Cp]− [e],
induced from the subgroup Cp, and the primitive relation over Q,
[Cqr−1 ]− q[Cqr ]− [Cp ⋊Cqr−1 ] + q[Cp ⋊ Cqr ].
Using a linear combination of the two identified relations we can produce a
third which is a multiple of the relation in the statement. We proceed by
induction on r.
If r = 1 then taking a linear combination:
α([{e}] − q[Cq]− [Cp] + q[Cp ⋊ Cq])− β((p[Cp]− [e])),
and setting α = 1, β = −1 gives q times the relation:
−[Cq] + (p − 1)/q[Cp] + [Cp ⋊ Cq].
If r > 1, assume that for s < r the group Cp ⋊ Cmqs admits the relation:
−[Cqs ] + (p− 1)/q
s[Cp] + [Cp ⋊C
s
q ].
Then the Q relation for G;
[Cqr−1 ]− q[Cqr ]− [Cp ⋊Cqr−1 ] + q[Cp ⋊ Cqr ],
plus
−[Cqr−1 ] + (p− 1)/q
r−1[Cp] + [Cp ⋊ C
r−1
q ],
the induced relation from Cp⋊Cqr−1 , gives q times the claimed relation. 
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